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CHAPTER  I 


INTRODUCTION 

The  equations  In  homogeneous  coordinates  of  the  ex- 
tended complex  plane 

(H)  xj  i  xj  i  xj  =       !  Ex2  i  L^x^ 

define  a  plane  cyclic  homography1  of  period  p,  where  p  is  a 
prime  number  greater  than  two,  E  is  a  primitive  pth  root  of 
unity,  and    a   is  an  integer  greater  than  unity  and  less 
than  p.    This  homography  generates  an  involution  I^  of 
period  p.    We  shall  define  n  group  of  this  involution  as 
the  following  p  points: 

(x1,x2,x3),  (x1,Ex2,Eax3),  (x1,E2x2,E2ax3) ,  ...  , 

(x^eP-^.E^"1^). 

In  the  latter  (p-2)  points  of  this  group  the  third  coordinate 
may  be  simplified  whenever  the  exponent  of  E  in  this  coordi- 
nate is  equal  to  or  greater  than  p. 

The  involution  I    possesses  three  points  of  coinci- 
dence.     These  points,  which  are  the  vertices  of  the  triangle 
of  reference,  are  0^1,0,0),  Og(0,l,0),  and  0,(0,0,1). 

There  are  p  linear  systems  of  plane  curves  of  order  p 

•^Por  a  definition  see  Luclen  Godeaux,  Geometrle 
Alftebrlaue  (Liege »  Sciences  et  Lettres,  lQlJ-gJ ,  Tome  I. 
PP.  13^,  139. 
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which  are  invariant  under  II.    They  are  given  by  the  equations 

(1)  £cijicXiX2x3  =  c>      i+J  +  k  =  p,  j+ak  =  0  (mod  p)  , 

(2)  Zcljkxlx2x3  =  °'      1  +  J  +  k  -  p,  J  +  ak  =  1  (mod  p), 

(P)     2c1JkxJxJx^  =  0,      i  +  J  +  k  =  p,  j  +  ak  »  p  -  1  (mod  p). 

Only  system  (1)  has  no  base  points.    The  others  have  for 
base  points  0lt  0^,  and  0^  with  fixed  tangents  at  these 
points. 

Let  the  number  of  terms  in  equation  (1)  be  repre- 
sented by  (r  +  1).  The  first  (r  -  1)  terms  can  be  arranged 
in  descending  powers  of  x-,,  the  rth  term  may  contain  only 
the  variable  x§,  and  the  (r  +  l)th  term  only  the  variable 
.  The  powers  of  x^  in  this  equation  may  be  arranged  as 
follows: 

P  =  i,>i->  . . .  >i 

12  r  -  1 

Mow,  we  define  n(i)  as  a  function  of  i  by  taking 

nd^  =  1, 

n( W  ■  n(V  + 

For  n(i)  the  domain  of  the  independent  variable  will  be  the 
values  im(m  =  1,2,  ...  ,  r  -  1)  .  Hence,  we  may  relate  pro- 
ject! vely  the  curves  of  linear  system  (1)  to  the  hyperplanes 
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of  a  space       of  r  dimensions  by  talcing 


(T) 


p 

■2' 


r+1 


where 


i  +  J  +  k  =  p, 

)  +  ak  5  0  (mod  p) . 

A  surface  ({)  in  Sr  is  called  the  image  of  I    if  a 
point  of  <j)  corresponds  to  a  group  of  Ip,  and  inversely.  We 
may  obtain  the  equations  of  this  surface  (J)  by  eliminating 
^    and  ^(m  =  1,2,3)  in  T.    Dy  solving  the  first,  rth,  and 
(r  +  l)th  equations  of  T  for  x1,  x  ,  and  x_  respectively, 


Substituting  these  values  in  the  remaining  equrtions  of  T 
we  obtain 


we  get 
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where  i  takes  on  the  values  i  (m  =  2,3,  ...  ,  r  -  1).  By- 
raising  both  members  of  these  equations  to  the  pth  power  and 
simplifying,  we  get 

^(i)  =  ^r^l' 

where 

i  =  lm(m  =  2,3,  ...  ,  r  -  1), 

i  +  J  +  k  =  P, 

j  +  ale  =.  0  (mod  p) . 

It  is  obvious  that  the  coordinates  of  any  point  of  <J)  will 

satisfy  the  above  (r  -  2)  equations?  but,  an  example  will 

show  that  the  inverse  is  not  true.    Hence,  we  conclude  that 

the  above  (r  -  2)  hypersurfaoes  aay  have  not  only  in  common 

surface  (J)  but  also  another  surface  which  is  not  in  general 

an  image  of  I  . 

P 

By  T  point  01  transforms  into  0-[(l,0,  ...  ,0), 
02  into  0£(O,  ...  ,  0,1,0),  and  0^  into  0^(0,  ...  ,0,1). 
Since  0»    0^,  and  0^  lie  on  each  of  the  above  (r  -  2) 
hypersurfaces,  we  see  that  these  points  also  lie  on  the 
surface  <t).    They  could  not  lie  only  on  the  other  surface 
determined  by  these  hypersurfaces  because  they  are  related 
protectively  by  T  to  points  of  the  plane. 

Finally,  we  shall  show  that  the  surface  0  is  of 


See  Appendix  I. 


order  p.    Since  the  linear  system  (1)  has  no  base  points, 
two  curves  of  this  system  intersect  in  p2  points  which  will 
depend  only  on  the  coefficients  of  the  two  curves  considered. 
These  points  form  p  groups  of  I  .    Therefore,  the  two  hyper- 
planes  related  to  these  two  curves  by  T  will  intersect  in  p 
points  which  lie  on  (J).    Hence,  by  the  definition-^  of  the 
order  of  a  surface,  we  see  that  the  above  conclusion  is 
reached . 


/n  -  5p2f  this  defi*itlon  see  F.  S.  7oods,  Higher  Geometry 
(Boston:    Oinn  and  Company,  1922),  p.  390.   
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A  SURFACE  OBTAINED  FROM  AN  INVOLUTION  OF  PERIOD  THREE 

Consider  the  homography 

(H)  i  xj  i  xj  =  ^  i  Ex2  i  E2Xj, 

where  E  is  a  primitive  cube  root  of  unity.    This  homography 
generates  an  involution  I,  of  period  three.    The  following 
three  points  constitute  a  group  of  this  involution! 

( x^ , X£ , x^ )  ,   ( x^ , Ex^ , E  x^ )  ,   ( x^ , E  x^ i Ex^ ) . 

The  plane  curves  which  are  invariant  under  H  form 
three  linear  systems.    These  systems  have  the  equations 

(I)  TjSJ  +  v^x^  +  V-x|  +  Vjjx3  =  o, 

p  p  p 

(2)  u^x1x2  +  u2x1x^  +  u^XpX^  =  0, 

(3)  U1X1X3  +  U2X1X2  +  U3X2X3  =  °* 

The  curves  of  linear  system  (1)  are  related  pro- 
tectively to  the  planes  of       by  the  following  transformation! 

*l  X1X2X3  *2 

By  eliminating  x^m  =  1,2,3)  in  T  ue  obtain  a  surface 
<t>,  which  is  the  image  of  1^,  given  by  the  equation 
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<*>  *>  =  j^XjV 

This  surface  Is  of  order  three. 

To  a  plane  curve  of  order  three  which  is  not  invariant 
under  H  corresponds  on  ({)  a  curve  of  order  nine.    This  curve 
is  cut  out  on  <|)  by  a  cubic  surface.    Furthermore,  the  coeffi- 
cients of  the  equation  of  the  latter  surface  are  functions 
of  the  coefficients  of  the  equation  of  the  plane  curve  con- 
sidered. 

In  order  to  see  this,  consider  the  plane  cubic  curve 
°1  -    ZGli\A.X2X3  =  °» 

where 

i  +  J  +  k  =  3- 

Applying  H  twice  in  succession  to  0]_  we  get 

e2  -  zeJ  +  2kc1Jkx^  =  o, 
©3  s  ze2J  +  \&%44  =  °- 

The  curve 
(4)  ele2e3  =  0 

corresponds  on  (J)  to  a  curve  C  in  birational  correspondence 
with  each  of  the  cubic s  ©m  ■  0(m  =  1,2,3).    Actually,  to  a 
point  of  C  correspond  three  points  of  the  plane  with  one  of 
these  three  points  on  each  of  the  three  plane  curves  con- 
sidered. 


-  g  - 

The  curve         meets  a  curve  of  linear  system  (1) 
In  nine  groups  of  1y    Therefore,  the  plane  which  is  related 
to  this  curve  of  system  (1)  by  T  intersects  G  In  nine  points. 
Consequently,  C  is  of  order  nine. 

There  exist  on  9^  =  0  nine  couples  of  points  to  which 
correspond  nine  points  on  C.    We  conclude  from  this  that  C 
possesses  nine  variable  double  points  which  are  simple  points 
on  <{).    The  couples  of  points  which  are  under  consideration 
here  constitute  the  eighteen  points  of  intersection  of 
©L=  0  with  62  =  0  and       =  0. 

Let  us  vary  9,  =  0  in  a  continuous  manner  in  its 
plane  until  its  equation  becomes  equation  (1) .    The  corre- 
sponding curve  C  varies  on  (J)  and  reduces  to  the  section  of 
§  by  the  plane 

Vl  +  V<2  +  V3^  +  \h  =  0 
counted  throe  times.    That  is,  the  section  of  (J)  is  made  by 
the  reducible  cubic  surface 

t*A  +  V2X2  +  V3X3  +  virV^  =  0# 

We  conclude  from  this  fact  tliat  the  curves  C  are  cut  out 
on  (J)  by  cubic  surfaces. 

Nov;,  let  us  consider  ©^  =  0    varying  in  its  plane 
and  becoming  equation  (3).    The  curve  (!t)  becomes 

(5)  (u^x,  +  UgXjx!  +  u,x2xf)3  =  0 


and  the  curve  C  a  curve  A  counted  three  times.    The  cubic 
surface  cutting  out  curve  A  on  $  will  osculate  §  with 
three-point  contact  in  each  point  of  intersection,  except 
in  the  domain"1"  of  certain  singular  points  which  will  be 
discussed  later.    By  simplifying  equation  (5)  and  applying 
T  v/e  get  the  following  equation  for  this  cubic  surface: 

*P  (x1,;c2,x3,x^)    =  u3/2x^  +   3u|u2x,x|  +   Ju|i.  + 

6uiV3xl+  3vf4\ +  ulV} + 

3u2u|x2x3xi|  +  u^X-xj*  -  0. 

By  T  point  CL  projects  into  0'(1, 0,0,0),  0  into 

i  2 

0^(0,0,1,0),  and  0^  into  0^(0,0,0,1).    Both  the  surfaces  (j) 

and   y   =  0  pass  through  0£,  0^,  and  0^.    In  the  domain  of 

each  of  these  points     V    =  0  touches  simply  the  nappe  of 

(j).    This  results  from  the  fact  that  the  curves  A  pass  simply 

p 

through  each  of  the  points  0^,  Oj,  and  O.1^. 

Consider  the  surface  F  of  order  nine  in  whose 
equations  are 

■^For  an  explanation  see  Lucien  Godeaux,  Geometric 
Al,--.ebrlque  (Liege:    Sciences  et  Lottres,  19^3),  Tome  I, 
PP.  24  ff. 

p 

See  Appendix  II. 
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(F)  x|  =  XjX^,  x3  =    f  (VVVV' 

Between  $  and  F  we  have  a  (1,3)  correspondence.  How, 
we  search  for  the  branch  points  of  <J)  for  this  correspondence. 
That  Is,  what  are  the  points  of  $  to  which  correspond  three 
coincident  points  of  F?    The  first  condition  these  points 
must  satisfy  is       =  0.    Hence,      Y   ^l*^*^*^  =  °« 
But  we  have  seen  that  this  surface  osculates  <J)  with  three- 
point  contact  in  each  point  of  intersection  except  in  the 
domain  of  0£,  Cj,  and  0^.    In  the  domain  of  each  of  these 
points  it  touches  simply  one  of  the  nappes  of  <|).  Therefore, 
the  correspondence  will  have  branch  points  at  these  points 
of  simple  contact.    Hence,  we  see  there  are  three  branch 
points  and  the  surface  F  is  consequently  irreducible. 

We  shall  demonstrate  that  the  surface  F  is  rational. 
Take  the  transformation 

(T.)  A. .  A_  .  JSl.  -  j& .  *g 

X         X^XpX-,        x2  x3      u  x^x    +  u  x  x2  +  u  x  x2 

1         x  ^  ^        ^  3       111        212  323 

1 

This  transf ormatio2i  orders  to  each  point  of  the  plane  a 
unique  point  of  F.    '..re  shall  show  that  the  inverse  is  true. 
That  is,  to  each  point  of  F  can  also  be  ordered  a  unique 
point  of  the  plane. 

We  obtain  the  first  of  the  following  equations  from 
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T1  and  the  remaining  two  by  multiplying  both  members  of  the 
first  by  x-j^x-^  and  applying  T  two  timos  in  succession: 

ulX2x3  +  u2xxr|  *  u3x2x2  =  ^ 

Solving  these  for  xpc,*  ^x^,  and  x9x|  by  Cramer's  rule  we 
obtain 

—  » 

A 


xlx3 


¥2 


8-  Si^ 


XgXj 


2  .  PV 


52L 
A 


where 


Ul 

u 

2 

"3 

A  = 

u2X3 

m(m  =  1,2 

,3)  are 

determinants 

obtained  from  A  by  re 

placing  the  mth  column  by  1,  X£,  and  X^.  Also,  from  T'  we 
obtain 

xl  =    ?  *1 ' 
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4  -  ?v 

Using  these  and  the  previous  solutions  we  get 


_  Vl 

xi 

=  *3A2 

x2 

X-jA 

x2 

x3 

From  the  last  two  equations  we  obtain 

^A2A3  X3X5A3A  S^JP 

Hence,  we  see  that  between  the  surface  F  and  the 
plane  there  exists  a  birational  correspondence  and  conclude 
that  F  is  a  rational  surface. 
The  transformation 
2$  I  *|  :  XJ  f  ^  ,  X|    =         :  X2  ;  ^  :  X^  :  EX^  , 

which  generates  on  F  the  involution  that  has  (j)  for  its  image, 
corresponds  to  the  involution  in  the  plane  generated  by  the 
homography 
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r|  •  x£  t  xj    •      i  E2x2  x  Ex^. 

This  involution  is  different  from  the  one  generated  by  H, 
but  both  involutions  have  the  same  groups. 

If  the  linear  system  (2)  is  used  Instead  of  the 
linear  system  (3),  the  results^  are  similar  to  those  obtained 
in  this  chapter.    Hovrever,  the  involution  on  the  related 
rational  surface  P  which  has  $  for  its  image  corresponds  to 
the  involution  in  the  plane  generated  by  H. 


For  these  results  see  Luclen  Godeaux,  "Etude  elemen- 
talre  sur  1 1 nomographic  plane  de  peri ode  trois  et  sur  une 
surface  cublque,"  ITouvellcs  Annales  de  Hathomatlaues  k-e 
Serie,  Tone  XVI  (1916),  pp.  ^-61.   


CHAPTER  III 


A  SURFACE  OBTAINED  FROM  All  INVOLUTION  OF  PERIOD  FIVE 
Consider  the  homography 


(  x;l  '  x2  1  *3  =  xi  1  Ex2  '  e2x3  • 


where  E  is  a  primitive  fifth  root  of  unity.    This  holography 
generates  an  involution  If-  of  period  five.    A  group  of  I(- 
is  composed  of  the  following  five  pointfii 
(x^a^au),   (x1,Ex2,E2x-5)  ,   (x1,E2x2,EI|x3)  ,   (x^  ,E5Xg  tEXj )  , 

The  plane  curves  of  the  fifth  order  which  are  in- 
variant under  H  form  five  linear  systems.    They  are  given  by 
the  equations 


(1)  Vn 


jxjf  +  v2xfx2x|  +  v-^x-lX^  +  v^x|  +  vrx§  =  0, 

2  "5  2  2  4* 

(2)  ulxlx2  +  U2X1X3  +  U3X1X2X3  +  ulfx2x3  =  °» 

(3)  uixiac3  +  u2xix2  +  u3xix2x3  +  ui].x2x3  =  °» 

(^)         U1*1X2X3  +  u2x^x|  +  u^xxx^  +  u^x|x|  =  0, 

3  2  2  2  ^J"  ^i- 

^5)  +  u2xlx2x3  +  U3X1X2  +  U^X2X3  =  °* 

1To  relate  protectively  the  curves  of  linear  system  (1) 
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to  the  hyperplanes  of       by  talcing 


(T) 


x2 


XlX2^ 


X2 


1 


By  eliminating  x (ra  -  1,2,3)  In  T  vfe  obtain  a  surface 


$  given  by  the  equations 


4 


=  0. 


This  surface  is  the  imace  of  1^  and  is  of  order  five. 

To  a  plane  curve  of  the  fifth  order  which  is  not  in- 
variant under  H  corresponds  on  (j)  a  curve  of  the  twenty-fifth 
order.    This  curve  is  cut  out  on  (j)  by  a  hypersurface  of 
order  five.    Furthermore,  the  coefficients  of  the  equation 
of  this  hypersurface  are  functions  of  the  coefficients  of 
the  equation  of  the  plane  curve  considered. 

In  order  to  see  this,  consider  the  plane  curve  of 
the  fifth  order 


where 


ei    -    2  °ijkxlx2x3 


i  +  3  +  k  o  5, 


o 


Applying  H  four  times  in  succession  to  the  above  equation  we 
obtain 
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©2    =    E  E')+2kcljkXiX2X3    =  °» 

The  curve 
(6)  ©1©2©3©^©5    =  0 

corresponds  to  a  curve  C  on  (J)  where  C  Is  in  blratlonal 

i 

correspondence  with  each  of  the  curves  ©    =0  ( m=l .  2 .  "5 . .  *5 ) . 
In  effect,  to  a  point  of  C  correspond  five  points  of  the 
plane  with  one  of  these  five  points  on  each  of  the  five 
curves  considered. 

The  curve  (6)  meets  a  curve  of  linear  system  (1) 
in  twenty-five  groups  of  IR.    Therefore,  the  hyperplane  re- 
lated  to  this  curve  of  system  (1)  by  T  meets  curve  C  in 
twenty-five  points  end  we  conclude  that  C  is  of  order  twenty- 
five. 

There  exist  on  ©    =  0  fifty  couples  of  points  to 
which  correspond  fifty  points  on  C.    One  concludes  from 
this  that  C  possesses  fifty  variable  double  points  which 
are  simple  points  of        The  couples  of  points  which  are 
under  consideration  here  constitute  the  one  hundred  points 
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of  intersection  of  ©1  =  0  with  ©m  =  0  (m  =  2,3,^,5). 

Let  us  vary  ©^  =  0  in  a  continuous  manner  in  its 
plane  until  its  equation  becomes  equation  (1).    The  corre- 
sponding curve  C  varies  on  (j)  and  reduces  to  the  section  of 
§  by  the  hyperplane 

V1X1  +  v2*2  +  V3X3  +  7k\  +  V5X5    =  0 
counted  five  times.    That  is,  the  section  of  (j)  is  made  by 
the  reducible  hyper surface  of  the  fifth  order 

(v1X1  +  v2X2  +  v3X3  +  vvX^  +  v^)5  =  0. 

We  conclude  from  this  fact  that  the  curves  C  are  cut  out  on 
(j)  by  hypersurfaces  of  the  fifth  order. 

Now,  let  us  vary  ©1  =  0  in  its  plane  until  its  equa- 
tion becomes  equation  (2).    Equation  (6)  reduces  to 

4"  2  3  2  ^  H-  R 

(7)  (u-jX]^  +  UgX-jX-?  +  U-jX^XgXj  +  U^XgX-^)"     =  0. 

The  corresponding  curve  C  reduces  to  a  curve  A  counted  five 
times.    The  hypersurface  of  order  five  cutting  out  A  on  (j) 
will  therefore  osculate  §  with  five-point  contact  in  each 
point  of  Intersection,  except  at  certain  singular  points 
which  will  be  discussed  later.    By  simplifying  equation  (7) 
and  applying  T  we  get  the  following  equation  for  this  hyper- 
surface of  order  fivet 
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y  (x1,x2,x3,x^,x5)   5  uljxifx^  +  5ujugxjxycj  +  5uju,x|j£  + 
5u^x^x3x1|  +  iou^uIxJxjX^  +  20u^u2u3x^x,+x5  +  aou^u^x^x^x^  + 

lOu^X^X?^  +  20u^u3u^X^x|  +  lOu^ujjxfx^  +  lOu^X^X^  + 

30u|u|u3X1x|  +  30u^u|ui|X^X2X^X5  +  30u2u?u3X2X2X^X5  + 

60u2u2u3u^;C5X^X5  +  30u2u2u2x2;<2x5  +  lOu^xfx^  + 
30u2uf^X2X2_X5  +  3Ou2v.3u2xix2x2  +  lOu^X^X^  +  S^U^xf^XJ:  + 

6ouiu2u3VlX2Xi|X5  +  y^hfcltys  +  20uiu2u3XiX2Xi|X5  + 
60uiu2u3u2|-xiX3X5  +  ^V3u5Vfi^*5  +  20u1u2u?|x|x^  + 

^%V$5  +  20uiu3VS.X2X?X5  +  30uiuHxiX3X?x5  + 

20u1u34x1xjx5  ♦  5u1ul{x|^  ♦  +  +  ^X^  + 

lOu^X^  +  20u3u3u1|X1X2Xifx2  +  lOu^X^X2  +  lOu^x^X^-f 
30u2u|u2|X1X3X^x2  +  30u|u3u^X1xgx2  +  lOufuJxfxj^  + 
5u2u^X1X3X1|X2  +  20u2u|u1+X1X,2x2  +  30u2u|u^x|xfx5  + 
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lOu^X^X,  +  lOu^X^  +  5Y*y£X5  +  u^X5    =  0. 


Using  T  we  see  that  point  OL  is  imaged  by  point 
0^(1,0,0,0,0),  02  by  0^(0,0,0,1,0),  and  03  by  0^(0,0,0,0,1). 

Both  the  surface  (J)  and  the  hypcrsurface    ^  =  o  pass  through 
0£,  0jj_,  and  0£.    In  the  domain  of  0^  vre  have  that    ^  =  0 
touches  simply  the  nappe  of  (J),  in  the  domain  of  0^  simply 

the  nappe  of  ty,  and  in  the  domain  of  0'  doubly  the  na^pe  of 

5 

(J).    This  results  from  the  fact  that  the  image  curves  of 

linear  system  (2)  are  cut  out  on  <t>  by    ^  =  0.    And,  these 

image  curves  pass  simply  through  0" ,  simply  through  OJ, 

1  1  4 

and  doubly  through  0'. 

0 

Consider  the  surface  F  of  order  twenty-five  in  S 


whose  equations  are 


(P) 


X2 

x2 


*3 


=  0,  X^  =  ^  (X^X^.X^ 


Betvreen     and  F  there  is  a  (1,5)  correspondence. 


J.  Dessart,  "SUP  les  surfaces  representant  1' in- 
volution engendree  ^ar  une  homographie  de  Tjerlode  cinq  du 
Plan, "  lip  ...c  ire  s       la  ^ociete  Eoyalg  des  Sciences  de  Li  ere 
3e  Sorle,  Tome  XVI  (1931)  ,  PP.  1-23.  
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We  bow  seek  the  branch  points  for  this  correspondence.  That 
Is,  we  seek  the  points  of  ({)  to  which  correspond  five  coinci- 
dent points  of  F.    The  first  condition  these  points  must 
satisfy  is  X6  =  0.    In  other  words,        (^.'W^'V  =  °* 
But  we  have  seen  that  this  hypersurface  osculates  <J)  with 
five-point  contact  in  each  point  of  meeting  except  in  the 
domain  of  OJ,  0£,  and  0£,  where  it  touches  one  of  the  nappes 
of  <{).    This  correspondence  will  have  branch  points  only  at 
these  points  where  the  contact  of  ^  =  0  with  (J)  is  less  than 
five-point  contact.    Hence,  if  we  count  0£  as  a  branch  point 
twice,  there  will  be  four  branch  points  for  tills  correspondence, 
Consequently,  the  surface  F  is  irreducible. 

We  shall  demonstrate  that  the  surface  F  is  rational. 
Take  the  transformation 

x6 


"1*1*2  +  u2xlx|  +  u3xix2:cf  +  uk4x3  ? 

This  transformation  orders  to  each  point  of  the  plane  a 
unique  point  of  F.    We  shall  proceed  to  show  that  an  inverse 
of  T',  which  will  order  to  each  point  of  F  a  unique  point  of 
the  plane,  can  be  established. 

We  obtain  the  first  of  the  following  equations  from 


-  21  - 


T '  and  the  remaining  three  by  multiplying  both  members  of  the 
3^3 

first  by  x£x2x^  and  applying  T  throe  times  in  succession: 

uixix2  +  u2xr^3  +  ^Vl^  +  ui|x2x3   =  ?  x6» 

U1:LLX^X1X3  +  u2XlX5X2X3  +  U3X^:SX1X2  +  uhX2Xi4-xlxi:c3  = 

u^X^x^  +  u^X^^3^  +  ^4^*Nh  + 

Solving  these  equations  by  Cramer's  rule  we  have 

A 
A 

A 


x2x?  = 

2  2 
x1x2x3  - 

xV  = 
x2x3 
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where 


A  = 


Ul 

u3X^ 

u2X1X2X^ 


u,. 


u3 


U2X1X2X4X5 
2  n 


and  An(m  ■  1,2,3,^)  are  determinants  obtained  from  A  by  re- 
placing the  mth  column  by  1,  X^.X^X^,  and  x|x2.  Also,  ue 
have  from  T '  that 

4  = 


2  2 
X1X2X3 


.5 


*5' 


Using  these  and  the  previous  solutions  we  ret 


Xr 


XXA 
^1 


X2A 


A, 
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x2      "  X^  V 

It  follows  from  the  last  two  of  these  relations  that 

Or'**1)  — -5l   *f 


MU7  Xi,JCrA„A 


-W3A         x|a  a4 

Therefore,  between  the  surface  P  and  the  plane  there 
exists  a  birational  correspondence.  Hence,  we  see  tliat  F  is 
a  rational  surface. 

The  transformation 
%l  .  Xf  t  XJ  t  Xfc  t  X$  t  Xg  i  Xg  *  ^  ,  X^  i  X^rEX^ 

which  generates  on  F  the  involution  that  has  <|)  for  its  image, 
corresponds  to  the  involution  in  the  plane  generated  by  the 
horaography  H. 

If  the  linear  system  (3),  (k) ,  or  (5)  is  used  Instead 
of  the  linear  system  (2),  one  will  get  results  which  will  be 
similar  to  those  obtained  in  thla  chapter.    However,  the 

2 

For  the  results  obtained  when  linear  system  (5)  is 
used  see  V/.  R.  Hutcherson  et  N«  A.  Childress,  "Etude  d'une 
involution  cycllque  de  periode  cinq,"  Bulletin  de  1' Academic 
Pgjffilg  cle  Bel; :i que  (Classe  des  Sciences),  6e  Scrie,  Tome  :CL" 
(195'+),  pp.  103-103. 
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involution  on  the  related  rational  surface  P  uhioh  lias  (j) 
for  its  image  vrill  correspond  to  an  involution  in  the  plane 
generated  by  a  honography  different  from  H.    For  the  linear 
system  (3)  this  homography  will  be 

§  x| 1  xj      ■    xx  :  E^x2  :  Ex^, 
for  linear  system  (k) 

2  tl 

x£  »  x£  1  xj      =    ^  :  E  x2  j  E  x^, 
and  for  linear  system  (5) 

xj  :  x'  ,  x-     -   xL  ,  Ac2  ,  E3^. 

The  involutions  Generated  by  these  three  horaographlea  are 
different  from  the  one  generated  by  H,  but  all  four  involu- 
tions have  the  same  groups. 


CHAPTER  IV 

PROJECTIONS  OF  SURFACES  OBTAINED  FROM  AN  INVOLUTION 

OF  PERIOD  THIRTEEN 

1.    The  Imcr:e  Surface  <j). 

Consider  the  homography 

(H)  x-[  ;  x£  ;  xj    ■  jg^  :  EXg  *  E  *3, 

where  E  is  a  primitive  thirteenth  root  of  unity.  This 
tonography  generates  an  involution  I      of  period  thirteen. 
A  group  of  1^    is  composed  of  the  following  thirteen  points: 

(x1,x2,x3)l   (xltEx2,E  x^),   (x1,E2x2,EGx3) ,  (xltE3x2,E12x^), 
(x^E  Xg.E^Xj),  (x1,E5x2,E7x3),  (xL,E6x2,E11x3), 

Cx^e^.e2^),  (x^E^.E^),  (x^E^.S^),  (X^^.E^), 
( xx , Enx2 , E5x3 )  ,   ( xx , E12x2 , E9x3 )  . 

The  complete  linear  system  of  order  thirteen  in  the 
plane  contains  the  following  thirteen  linear  systems  which 
are  transformed  into  themselves  by  H: 

(I)  t  v2x9x2;c3  +  v34,5x2  +  v5r|::6  +  + 

v6xrxlxf  +  v7"lxH  +  *f$*23  +  V9X33=0» 
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ulxl2x2  +  u2xix2::3  +  u3xix2x3  +  Wi^a6l3^3l!3  +  U5X1X3°  " 

?  10  7  5  4-9 

U6X1X2  x3  +  U7X1X2X3  +  USX2X3  =  °» 

+  wis +  vH =  0 

U^x|°x|  +  U2X134  +  u3xix2X3  +  UilXlX2X3  +  U[3X1X2X3  + 

U^xJxE^  +  U^a^0  +  UgJ^Xj  =  o 

UjXj*^  +  u^xjj  +  OjXjXgXj  +  ui|xlx2x3  +  U5X1X2X3 

U£X^x|xj  +  u^XjxgXj  +  U^X2X3°  =  °» 

ul4lx2x3  +  u2^x2  +  u3xlxH  +  4*1*H  +  u5xlx2x3 

Ugx^1  +  u^x*0^  +  ugx|x^  =  0, 

ulxl°x2x3  +  u2xlx2  +  u3xlx2x3  +  V=H  +  Vlx2x3  + 

UgXjXgXj  +  U^X1X2X^J"+  UgX*Ax|  =  0, 

9  3  gc;  67  t;  li  k  k  <t 

U1X1X2X3      U2X1X3  +  u3xix2  +  ui|xlx2X3  +  U5X1X2X3  + 

u6xixH  +  urclx2x3  +  U2X2X31  =  0 ' 
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(9)  uixi1::3  +  u2xix2x3  +  u3xix2x3  +  uJ+xix2  +  u5xi2C2x3  + 

H*\*\*\  +  VlHH  +  U2X2X3  =  0 ' 

(10)  u^x^x^  +  u2xjx|x,  +  u^x^x|x|  +  u^xjx|  +  u^x^  + 

2  3  g  12  .        10  3  n 

U6X1X2X3     u7xix3   +  ugx2  x3  =  °» 

(11)  i^x^x^xf  +  v-2xix2xJ>  +  U3X1X2X3  +  u^xix3  +  u5xix2°+ 

p  7  k  kg  to 

"6*1*2*3  +  "7*1*2*3  +  U3X2X3   =  °' 

(12)  u^x^  +  Ugxjx^  +  u3xix2x3  +  ul#.a^[3C2JSf  +  U5X1X2X3  + 

U6X1X2^"  +  U7X1X2X3  +  uf5x2x3  =  °' 

(13)  "i3^0^  +  U2X1X2X3  +  U3X1X2X3  +  U1|.X1X2X3  +  U^X1X2X3  + 

P   P   Q  IP  Q  ll. 

U6X1X2X3  +  U7X1X2   +  USX2X3  =  0 • 

We  relate  protectively  the  curves  of  linear  system 
(1)  to  the  hyperplanos  of       by  taking 


xi3     x?x_x3    Xfxl  3i 


1  X1X2X3        X1X2X3        X1X2^  :'1X2X3 
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By  eliminating  x^m  =  1,2,3)  in  T  we  obtain  a  surface 
<{)  given  by  the  equations1 


X2X6 


*1*3 

*2 


*3 


X,, 


4 


*5 


*9 


=  o. 


This  surface  Is  the  image  of  1     and  is  of  the  thirteenth 
order.    We  wish  to  study  the  singularity  of  $  at 
0.JU, 0,0, 0,0, 0,0, 0,0). 

2 .    Projection  of  Surface  (J)  from  0.J . 

The  curves  of  linear  system  (1)  which  pass  through 
01  are  represented  by  equation  (1)  when  vre  take  v1  =  0.  We 
shall  designate  these  curves  by  C.^  and  the  linear  system 
which  thoy  form  by  IC-J  .    The  curves  C1  arc  related  projec- 
tlvely  to  the  hyperplanes  of  the  space  ^  =  0.    This  pro- 
Jectivity  gives  in  the  space  ^  =  0  a  surface  $     which  is 
the  projection  of  $  from  0£  on       =  0.    This  surface  ^  is 
given  by  the  equations 


(^) 


X2X6 

Y2 


*3 


X6 


*5 
*6 


x. 


X- 


"7 

*9 


-  o, 


To  the  curves  Cx  correspond  on  $    the  sections  made  by  the 

BJ  other  equations  representing  this  surface  see 

Appendix  III. 


-  29  - 


hyperplasias  of      which  rass  through  0' . 

o  1 
In  order  to  study  the  singularity  of  the  curves 

at  01  we  shall  utilize  the  following  quadratic  transformations: 

(I)  x-l  :  x2  t  x^  =  y|  :  1  y2y3' 

(II)  x1  :  x2  s  x_  =  y^  i  y2y^  :  y^. 

Transformation  I  makes  the  point  y2  =  y^  =  0  correspond  to  the 
point  infinitely  near  0^  on  the  line  x-j  =  0.    This  point  will 
be  designated  by  012»    Transformation  II  makes  the  point  y2  = 
y^  =  0    correspond  to  the  point  infinitely  near  0^  on  the 
line  x2  =  0.    We  shall  designate  this  point  by  0^.  Repeated 
applications  of  either  of  these  transformations  will  be  in- 
dicated by  the  second  subscript  of  the  symbol  used  to  desig- 

2 

nate  the  point  being  repeated  the  same  number  of  times. 

By  applying  transformation  I  three  times  in  succession 
to  the  equation  of  curves  C^,  we  obtain 

(1*0      (v2y|  +  v^^  ♦  v5y|y3  +  vl)yl9  + 

For  a  more  detailed  explanation  see  S.  T.  Gormsen 
Haps  of  Certain  Algebraic  Curves  Invariant  under  Cyclic  In- 
volutions of  Periods  Three,  Five,  and  Seven"  (Unpublished 
form  of  Ph.D.  dissertation,  Dept.  of  Hatheraatlcs ,  University 
of  Florida,  1933),  PP.  1-3. 
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Nov;,  applying  the  transformation  II  nine  times  in 
succession  to  the  equation  of  curves  C^,  vre  obtain 

(15)      (v2y2  +  v^lyj1?  +  v^ySy^  +  ^O^IS  + 

The  curves       liave  a  4- tuple  point  at  0  .    From  the 
previous  equations  vre  see  that  these  curves  have  in  common 
in  the  neighborhood  of  0  : 

(a)  three  triple  points  0    ,  0      ,  and  0 

xc.d  1222 

infinitely  near  successively  to  0-,  ; 

(b)  nine  simple  points  0^,  °i33»  •••  »  ajl<3- 
°1333333333  lnflnitely  near  successively  to  01# 

Hence,  two  curves  of  |C-J  intersect  42  +  3*32  +  9»12 
or  52  times  at  01#    Therefore,  the  system  |G|}|  has  degree^ 
169  -  52  or  117.    Since  two  curves  of  |C.J  intersect  in  11 7 
variable  points  and  the  curves       are  related  projectively 
to  the  hyperplanes  of  the  space  3L  ■  0,  vre  deduce  that  the 
surface  (J)    lias  order  117/13  or  9.    Furthermore,  since  two 
curves  of  jaj  intersect  52  times  at  0  ,  we  also  deduce  that 
is  multiple  of  order  52/13  or  k  for  the  surface 

From  equation  (14)  and  T  vre  have 

3 

'For  a  definition  see  Luc i en  Godeaux,  Geometric 
Alr:ebrique  (Liege:  Sciences  et  Lettres,  194§) ,  Tone  II 
p.  142.  "  ' 
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x3 

:<5 

*6 

39  2 
yf  y2y3 

y13y20y9 
yl  y2  y3 

y39y3 

yl  y2 

yf9^3  * 

Now,  lot  y 

3  =  ky2- 

The  above  rels 

tions  reduce  to 

x3 

k2y39 

~ 

k^yf  = 

*S  _ 

y^  ~ 
yi 

k1^9  ' 

By  letting 

y2  tend 

to  zero  we  obtain  the  parametric  equations 

(16) 

3 

-  3 

k2 

k  1 

1       -  x6  ~ 

x?  =  x9  =  0. 

Hence,  we  see  that  the  points  of  (j)  infinitely  near  0|  and 
situated  on  the  cubic  cone  (16)  correspond  to  the  points  in- 
finitely near  01222# 

Similarly,  from  equation  (15)  and  T  we  obtain 

*18*p¥    W^W  ^Ff 

2z      .  *g 


*1  *2y3  y2/3  yi  y3 
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Again,  placing  y^  =  ky2  we  set 


*5 


i: 


3_  _ 


x 


yl  y2 


252. 


kyll7 


By  letting  y2  tend  to  zero,  vre  obtain  the  parametric  equa- 
tions 

(17)  -  *i  ,     x3  =  x^  =  x5  =  x6  =  x7  =  xg  =  o. 

Therefore,  the  points  of  <})  infinitely  near  0£  and  situated 
on  the  plane  (17)  correspond  to  the  points  infinitely  near 

°1333333333' 

To  the  points  of  the  plane  infinitely  near  01222 
correspond  on  ^  the  points  of  the  skew  cubic 


CNX) 


Xj  x^ 
*5  % 


=  o 


•   Xl  =  X^  "  *6  =  *7  =  Xg 


This  skew  cubic  is  the  section  of  the  cone  (16)  by  the  hyper 
plane  X1  =  0.    To  the  points  of  the  plane  infinitely  near 
°1333333333  corresP°nd  on       the  points  of  the  line 

(  "V  2)         X1  =  X3  -  Xfc  =  X5  -  Xg  m  X?  =  Xg  =  0. 

This  line  is  the  section  of  the  plane  (17)  by  the  hyperplane 
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xx  =  o. 

The  tangent  cone  to  the  surface  ({)  at  0^  decomposes 
into  the  cone  projecting  the  cubic  and  the  plane  pro- 

jecting the  line   "W2  from  this  point.    Also,  this  tangent 
plane  is  contained  in  0. 

The  curve       ^  and  the  line  have  in  common  the 

point  0^(0,1,0,0,0,0,0,0,0). 

3.    Prelection  of  Surface  (J)-^  from  0^. 

The  curves  of  the  system  |C^|  which  have  distinct 
tangent  lines  x2  =  0  and  x^  =  0  at  01  are  represented  by 
equation  (1)  when  vi  =  v2  =  °»    We  shall  designate  these 
curves  by  C2  and  the  linear  system  which  they  form  by  |C"2|. 
There  exists  a  projectivlty  betvreen  the  curves       and  the 
hyperplanes  of  the  space       =  X2  =  0.    In  this  projectivlty 
a  surface  fyg  corresponds  to  the  points  of  the  plane.  The 
surface  <t>2  is  the  projection  of  surface  ^  from  0^  on  the 
hyporplane  X^  =  0  of  the  space       =  0.    This  surface  Is 
given  by  the  equations 

x3     x^Xg     X5     xg  x? 

%      4      *6     x7     *9  °" 

To  the  curves  C2  correspond  on  <t>2  the  sections  made  by  the 
hyperplanes  of  Sg  vrhlch  pass  through  0|  and  0£. 

By  applying  transformation  I  once  to  the  equation  of 
curves  0o  ire  obtain 
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/-.<*%          17  2         12     6         15  3  10  k  5 

(IS)                   +           y2y3  +  v^^/ygyj  +           y2y^  + 

5  5  9  ^      13  6  6  13 

^1^3  +  W2  +  ^2^3   =  °- 

Now,  applying  I  two  times  in  succession  to  equation  (IS) 
yields 

(19)      (v3y2  +  v^y^  +  v^y2)y39  +  +  v6y2)y26y9y5  + 


The  application  of  transformation  II  once  to  the 
equation  of  the  curves  gives 

(20)  v3yf  j\  +  v^y^  +  +  ^y6y4  +  T?j^| 

vgy^y^  +  v$yj5jf  =  o. 
Row,  applying  II  twice  in  succession  to  equation  (20)  gives 

(21)  v3yf2y572  ♦  v^yf  ♦  r^jf  ♦  v^yfyj  + 

and 

<22>  +  vJM  +  Wl^f  +  v6ypy^yf  ♦ 

v7y^y^y|  +  Vgr|3y§7  +  v9y^y3  =  o. 

By  applying  I  to  equation  (21)  yields  nothing;  but,  by 
applying  it  once  to  equation  (22)  yields 
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(23)      (T472  +  v9y3)y65  +  v^fySyf  +  v^fyf  y*6  + 

39  16  11  52  3  6  39  27 

V6n  *2  y3    +  v7^1  ^2^3  +  ^^2  ^3    =  °- 

Finally,  by  applying  I  twice  in  succession  to  equation  (20) 
yields 

(2*0      (v3y2  +  vlfy3)yf  +  v^yf  y3  +  v^y^  + 
vyyi3y|y|  +  vgyf^  +  v^y^  =  o. 

The  curves       have  multiplicity  seven  at  0^.  Prom 
the  previous  equations  we  see  that  these  curves  have  in 
common  in  the  neighborhood  of  0^ 

(a)  three  successive  double  points  012    0122,  and 
°1222  inflnitely  near  successively  to  0^; 

(b)  one  triple  point  0^  Infinitely  near  0  ; 

(c)  one  double  point  infinitely  near  O^j 

(d)  two  simple  points  0.,,,  and  0,_,„  infinitely 

*-jjj  13j>32 

near  successively  to  O-^JJ ' 

(e)  two  simple  points  0^  and  Infinitely  near 
successively  to  0,-,. 

Hence,  two  curves  of  the  system  |c2|  intersect 
72  +  1*3    +  k>22  +  k*l2  or  73  times  at  01#    Therefore,  the 
system  |c2|  has  degree  169  -  7S  or  91.    Since  two  curves  of 
|C2|  intersect  in  91  variable  points  and  the  curves  C2  are 
related  protectively  to  the  hyperplanes  of  the  space  Xx  =  X2 
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we  deduce  that  the  surface  (j>2  has  order  91/13  or  7.  Further- 
more, since  two  curves  of  |C2|  Intersect  78. times  at  O.^  we 
deduce  that  the  sum  of  the  order  of  OJ  for  surface  $  and  the 
order  of  0£  for  surface  ^  Is  7S/13  or  6.    But  Oj^  is  multiple 
of  order  k  for  (J).    Hence,  0£  is  multiple  of  order  2  for  (j)  . 

By  using  the  same  method  as  was  employed  in  the  pre- 
vious projectivity,  we  see  that  to  the  points  of  the  plane 
infinitely  near  01222  correspond  on  $2  the  points  of  the  conic 

(  Nj)       x3xg  -  4.     Xj,  -  x2  -  xu  =  x6  =  X?  =      =  0. 

Tills  conic  is  the  projection  of  the  skew  cubic  >N/1  from  0£. 
Also,  to  the  points  of  the  plane  Infinitely  near  0,  ,-,,p 
correspond  on  $2  the  points  of  the  line 

t>l  3)       XX  =  X2  =  X3  =  X5  =  Xg  =  x7  =  Xg  =  0. 

Finally,  to  the  points  of  the  plane  Infinitely  near  O-^ZZ 
correspond  on  <j)2  the  points  of  the  line 

{^4        Xl  =  X2  =  *5  =  *6  "  X7  =  *0  =  Xo,  =  0. 

The  tangent  planes  to  the  surface  $    at  0'  are  the 
planes  projecting  the  lines  *Sj ^  and  from  this  point. 

Also,  the  plane  projecting  the  line  *>/     from  0^  is  contained 
in  0r 

The  conic  *Nj  J  and  the  line  *\     meet  at  the  point 
0» (0,0,1,0,0,0,0,0,0)  and  the  line  "Nj     intersects  the  line 
"S|  ^  at  0^(0,0,0,1,0,0,0,0,0).    The  conic       •  and  the  line 
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"N/  ^  do  not  meet . 

Prelection  of  Surface  <t>2  from  Oj. 

The  curves  of  the  system  | I  with  distinct  tangent 
lines  x2  =  0  and       =  0  at  0-^  are  represented  by  equation  (1) 
when  Yi  =  v2  =  v-^  =  0.    We  shall  designate  these  curves  by 
C-j  and  the  linear  system  which  they  form  by  |C^|  .  There 
exists  a  projectivity  between  the  curves       and  the  hyper- 
planes  of  the  space       =  X2  =  X^  =  0.    This  projectivity 
gives  in  this  st>ace  a  surface  ((), ,  which  is  the  projection 
of  <t>2  from  Oj  on  the  hyperplane  X^  =  0  of  the  space  X^  =  X^  = 
0.    This  surface  ^  is  riven  by  the  equations 


«t>3) 


0. 


XjjXg  X^  Xg  Xy 

A        H       x7  % 

To  the  curves       correspond  on  (J)    the  sections  made  by  the 

hyperplane s  of       which  pass  through  0'    0'    and  0'. 

o  I23 

The  curves       have  multiplicity  eight  at  01#  By 
utilizing  the  transformations  I  and  II  in  a  manner  similar 
to  that  used  In  the  previous  projections,  we  see  that  the 
curves  of  |C^|  have  in  common  in  the  neighborhood  of  C^: 

(a)  a  triple  point  012  infinitely  near  C^; 

(b)  two  simple  points  0122  and  01222  Infinitely  near 
successively  to  012J 

(c)  a  double  point  0       infinitely  near  0  • 
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(d)  two  simple  points  O-^-j  ^d  °12^2  lnfinltely 
near  successively  to 

(e)  two  double  points  0^  and  0-^  infinitely  near 
successively  to  0^; 

(f)  two  simple  points  0^33  and  °1^2  inflnlfcely  near 
successively  to  0 

Therefore,  two  curves  of  | |  intersect  0    +  1*3  + 
2  2 

3-2    +  6*1    or  91  times  at  C^.    We  deduce  from  this  that  the 
system  |C^|  has  decree  169  -  91  or        the  surface  has 
order  7^A3  or  6,  and  the  point  oj  has  order  91/13  •  k  -  2 
or  1  for  surface  d)0. 

To  the  points  of  the  plane  infinitely  near  01222 
correspond  on  ^  the  points  of  the  line 

(  NV{M       xx  =  x2  =  x3  -       =  Xg  =  X?  =  X$  =  0. 

This  line  is  the  projection  of  the  conic       £  from  (V.  To 
the  points  of  the  plane  infinitely  near  012-^2  correspond  on 
4) j  the  points  of  the  line 

( 5)       xx  =  x2  =  x3  =  xg  =  x7  =  Xg  =  Xq.  =  0. 

Finally,  to  the  points  of  the  plane  infinitely  near  O^-^ 
correspond  on  (j)^  the  points  of  the  line 

(  M  3)  \  =  X2  -  X3  =  X^  =  X6  =  X?  =  Xg  =  0. 

Since  this  line  already  belongs  to  <J>2,  this  is  its  proper 
projection  from  Oj. 

The  tangent  plane  to  the  surface  <J)p  at  0'  Is  the 
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plane  projecting  the  line  *N|  _  from  this  point. 

The  lines    NJ  I «  and    "NJ     intersect  at  0,1(0.0,0.0.1 
l  5  5 

0,0,0,0)  and  the  linos  and  ^Sj     intersect  at  0J.  How- 

ever, the  lines    X      Bad  .  ^    do  not  intersect. 

5.    Projection  of  Surface       from  0^. 

We  shall  designate  by       the  curves  of  the  system 
|C^|  vrhich  have  distinct  tangent  lines  x2  =  0  and  x-^  =  0  at 
01#    These  curves  are  represented  by  equation  (1)  when  v-^  ■ 
v2  =  v3  =  vl|  =  °«    T*ie  linear  system  formed  by  the  curves  Cj, 
will  be  designated  by  |Cj.|.    There  exists  a  projectivity 
between  the  curves       and  the  hyperplancs  of  the  space  X_  = 
^2  =       =       =  0.    Tills  projectivlty  gives  in  this  space  a 
surface  <t)^,  which  is  the  projection  of  (l  from  C£  on  the 
hyperplane  X^  =  0  of  the  space       =  Xg  =  X*  =  0.    Tills  sur- 
face <J)^  has  the  equations 


=  0. 


*5  H  x7 

x6  x7  *o 

To  the  curves       correspond  on  $u  the  sections  made  by  the 
hyperplanes  of       passing  through  0'    0^,  0*    and  0,« . 

The  curves       have  multiplicity  ten  at  0  .    In  the 
neighborhood  of  this  point  they  have  in  common? 

(a)    three  simple  points  012,  0122,  and  01222  Infinitely 
near  in  succession  to  0^; 
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(to)    throe  triple  points  0^,  ^  °1t)22  lnflultely 

near  in  sucoession  to  0^. 

Therefore,  two  curves  of  the  system  |C^|  intersect 

2  2  2 

10    +  3'3    +3*1    or  130  tines  at  0  .    We  deduce  from  this 

that  the  system  ICjjJ  has  decree  169  -  130  or  39,  the  surface 

(j)^  lias  order  39/13  or  3,  and  the  point  0j»  lias  order  130/13  - 

k  -  2  -  1  or  3  for  surface  $  . 

3 

To  the  points  of  the  plane  infinitely  near  ^^222. 
correspond  on  <J)^  the  points  of  the  line 

(       )  x-l  -     =  x3  »     =  x6  =  x7  =     =  0. 

Since  tliis  line  already  belongs  to  f^,  this  is  its  proper 
projection  from  0^.    To  the  points  of  the  plane  infinitely 
near  0^22  correspond  on  ty»  the  points  of  the  skew  cubic 

x5    x6  x? 

Xg  X? 

The  tangent  cone  to  the  surface  ^  at  0^  is  the  cone 
projecting  the  cubic  ""7  '  from  this  point. 

The  line   N^'  and  the  skew  cubic  intersect  at 


-  o,  ^  =  x,  =  Xj  «  xlf  «  xg  -  0. 
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6.    Projection  of  Surface  <j)^  from  0^. 

Wo  shall  designate  by       the  curves  of  the  system 
|C^|  which  have  distinct  tangent  lines       =  0  and  x7  =  0  at 
01.    The  linear  system  formed  by  these  curves  will  be  designated 
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"by  |Cg|.«    The  curves  C_  are  represented  by  equation  (1) 
when  v-l  =  v2  =  v-^  =  Vty  ■  v^  =  0.    The  projectivity  which 
exists  between  the  curves  C_  and  the  hyperplanes  of  the 
space       =       =  X-^  =       =       =  0    elves  in  this  space  a  sur- 
face This  surface  is  the  projection  of       from  01  on 
the  hyperplane  X    =  0  of  the  space  X1  =  X2=X^  =  X^  =  0. 
Tills  surfaoe  <J>^  is  represented  by  the  equation 

%)  ^  =  Xy  . 

To  the  curves       correspond  on       the  sections  made  by  the 
hyperplanes  of  Sg  pas nine  through  OJ,  0|(  Oj,  oj,  and  01. 

The  curves       have  multiplicity  eleven  at  0^  In 
the  neighborhood  of  tills  point  they  have  in  common: 

(a)  two  double  points  012  and  0^  infinitely  near  in 
succession  to  O^j 

(b)  two  simple  points  O^jj         °12332  infinitely  n®ar 
in  succession  to  O-^I 

(o)    three  double  points  0,,,  0,,_,  and  0  infinitely 

ijz  1322 

near  in  succession  to  0-j_. 

Therefore,  two  curves  of  the  system  |Cr|  intersect 

2  2  2  ^ 

11    +  5*2    +2*1    or  143  times  at  0,.    We  deduce  from  this 

that  the  system  \cJ  has  decree  169  -  1*3  or  26,  the  surface 

^  has  order  26/13  or  2,  and  the  point  0£  has  order  1*3/13  - 

^-2-1-3  or  1  for  surface  (j)^.    Of  course  we  already  know 

that  <t>^  has  order  2  from  the  equation  which  represents  it. 
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To  the  pointo  of  the  plane  infinitely  near  °i2332 


0. 


correspond  on  fy^  the  points  of  the  line 

(      c)  Xj^  =  Xp  =  X-j  =  X[i_  =  X^  =  Xy  =  x^  = 

To  the  points  of  the  plane  infinitely  near  oorresP°n<i 
on  <t)r  the  points  of  the  conic 

(  Ni')      Xg^  =  Xx  =  X2  =  X3  =  7%  .  X5  =  Xg  =  0. 

This  conic  is  the  projection  of  the  skevr  cubic    Njj  from  0'. 

4  5 

The  tangent  plane  to  the  surface  ^  at  0^  is  the 
plane  projecting  the  line  from  this  point. 

The  line   X  q  and  the  conic    "^i1  intersect  at 


0£(0,0,0,0,0,1,0,0,0) .    Prom  tlie  equation  representing  the 
surface  <{),-  vre  see  that  the  tangent  plane  to  this  surface  at 
0£  has  the  equations 

X-L  =  X2  =  X-j  =  Xi|.  =  X^  =  Xc|  =  0. 

7.  Remarks. 

We  find  that  the  neighborhood  of  the  point  0^03  in 
the  plane  is  represented  by  the  line  on  the  surface  §2 

and  by  the  skevr  cubic      y&    on  the  surface  Hence,  it 

Is  neoessary  that  the  skevr  cubic         J    correspond  to  the 
line  in  the  projections  that  vre  have  made.    In  the 

passage  from  ({)    to  <J),  we  projected  from  0'    and  under  this 
projection  the  line  is  projected  into  the  point  0^. 

Therefore,  the  points  of  the  line   "X^  are  represented  pro- 
Jeotively  on       by  the  neighborhood  of  OjJ.    Nov;,  the  skew 


oubio   ^N/  i  aiso  represents  projcctively  the  nelchborhood 
of  0^  on  <j)j.    v/e  have  shown  previously  that  0^  is  triple 
for  §  . 

The  point  0^  Is  simple  for  the  surface  In 
order  to  see  this,  let  us  consider  the  curves  C2  when  v^  =  0 
in  the  equation  representing  then.    We  shall  designate  these 
curves  by  C£  and  the  linear  system  which  they  form  by  |Ci| . 
The  curves       are  represented  by  equation  (1)  when  v1  =  v2  = 
vij.  =  0.    These  curves  have  multiplicity  seven  at  Oj,  whioh 
is  the  sane  as  for  the  curves  C2.    In  the  neighborhood  of 
01  the  curves       have  In  common: 

(a)  three  double  points  012#  0122,  and  01222  infinitely 
near  successively  to  O-^j 

(b)  one  5-tuple  point  0^  infinitely  near  0^ 

(c)  five  simple  points  0^,  0^.  o^,  0^^, 
a^d  °1332222  infinitely  near  successively  to  O-^. 

Therefore,  two  curves  of  the  system  C«  Intersect 

2^22 
7    +1-5    +  3*2    +5«l    or  91  times  at  0^.    This  moans  that 

system  |C£]  has  decree  169  -  91  or  7C    In  the  space  3L  = 
X2  =  0  the  sections  of  the  surface  $2  by  the  hyperplanes 
passing  through  OjJ  correspond  to  the  curves  C^.    These  sec- 
tions form  a  linear  system  of  degree  73/13  or  6.    Since  <t>2 
is  of  order  7,  we  conclude  that  0^  is  simple  for  this  surface. 

Also,  we  find  tliat  the  neighborhood  of  the  point 
°12332  ln  the  Pl^e  is  represented  by  the  line   "\jr  on  the 
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surface  (j>^  and  by  the  line  "Nj^  on  the  surface  <J)^_.  Again, 
it  is  necessary  that  in  our  projections  we  have  line 
corresponding  to  line  In  the  passage  from       to  ^  we 

projected  ^  from  0^.  Under  this  projection  the  line  N5  1 
projeoted  into  0,1.    Hence,  the  points  of  the  line  are 

represented  projectively  on       by  the  neighborhood  of  0» 

\  5 
But,  the  line    y     also  represents  projectively  the  neighbor- 
hood of  0'  on  <L.    We  have  shown  previously  that  0'  is  slmpl 
for  ^. 

Tlie  point  0'  is  also  simple  for  the  surface  (j)-*.  In 
5  J 

order  to  show  this,  let  us  consider  the  curves  C,  when  v_  =  0 

j  5 

in  the  equation  representing  them.    We  shall  designate  these 
curves  by       and  the  linear  system  which  they  form  by  |Cj|. 
The  curves  Cj  are  represented  by  equation  (1)  when  ^  =  v2  = 
v3  =       =  0.    These  curves  have  multiplicity  eight  at  0]L, 
which  is  the  same  as  for  the  curves  C^.    In  the  neighborhood 
of       curves  Cj  have  in  common: 

(a)  one  5- tuple  point  012  infinitely  near  0-^ 

(b)  five  simple  ooints  015,,  0,n,  ,  0  0 

123 '    1232*    12322'  123222* 

^  °12322?2  lnflnlfcely  near  successively  to  012; 

(c)  two  double  points  0^  and  0       infinitely  near 
successively  to  O^j 

(d)  two  simple  points  an^  013332  lnfinltely  near 

successively  to  0  . 

133 

Therefore,  two  curves  of  the  system  |Cj|  intersect 
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g2  +  1#52  +  2.22  +  7#12  Qr  1Qj+  tlmes  fit  Q^  Tti±g  implies  the 
system  \Cj\  has  decree  169  -  10k  or  65.    In  the  space  ^  = 

=  0  the  sections  of  the  surface  ^  by  the  hyperplanes  pass- 
ing through  0£  correspond  to  the  curves  C».    These  sections 
form  a  linear  system  of  degree  65/13  or  5.    Since  4),  is  of 
order  6,  we  reaoh  the  conclusion  that  0*  is  simple  for  this 
surface, 
S.  Summary. 

The  multiplicity  of  the  curves  Cm(m=l,2,3,I*,5)  at  0X 
and  at  the  points  infinitely  near  01  in  the  invariant  direc- 
tions x2  =  0  and       =  0  lias  been  stated  previously.    We  may 
represent  these  points  and  their  multiplicities  for  these 
curves  by  the  following  figures: 
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Some  of  the  results  regarding  the  surfaces  <j)  and 
(|)m(ra=l,2,3,4,5)  obtained  in  this  chapter  may  be  listed  as 
follows: 


Surface 

Order  of 
Surface 

Point  on 
Surface 

Multiplicity 
of  Point 
for  Surface 

Tangent  Elements  "~ 
to  Surface 
at  Point 

* 

13 

°i 

4 

x2    x3  x5 

x3    *5  xg 

X  =  0(m=4,6 
^  and 

=  o, 

,7,9) 
5,6,7,5) 

*i 

9 

°2 

2 

Xm=0(a=l,3,3,6,7,£5) 

and 

Xm=o(n=l, 5,6,7,^,9) 

7 

1 

X^diKL, 2,6,7,5.9) 

3 

*5   x6  x? 
^6  x7  x9 

Xn-OdB-1,2,; 

=  o, 
5,S) 

3 

°^ 

l 

3^-o(i»-i,2,3^,7t9) 

2 

—  

°4 

l 

2,3, 4,5,9) 

A  symbolic  representation  of  the  projections  which 
we  have  made  may  be  incorporated  in  a  figure  that  follows. 
In  this  figure  no  attempt  has  been  made  to  represent  the  sur- 
faces <{)  and  <|)m(m  =  1,2,3,4,5). 
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Figure  6 
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Finally,  let  us  remark  that  results  similar  to  the 
preceding  ones  obtained  in  this  chapter  can  be  found  by  pro- 
jecting the  surface  $  from  0,»  or  01.    In  order  to  see  this 

6  9 

for  the  point  0^,  we  note  that  equation  (1)  remains  unchanged 
when  we  apply  the  permutation  p1  =  (123)  to  the  subscripts 
of  x  and  the  permutation  P    =  (189) (257) (36^)  to  the  sub- 
scripts of  v.    Therefore,  the  results  of  projecting  the 

surface  (J)  from  0'  and  the  additional  results  obtained  thcre- 

8 

after  by  a  series  of  successive  projections  similar  to  that 
performed  previously  may  be  obtained  by  applying  the  permuta- 
tion P^  to  the  subscripts  of  X  in  the  previous  results.  In 
a  similar  manner,  the  application  of  the  permutation  p2  =  (132) 
to  the  subscripts  of  x  and  the  permutation  P2  =  (193)  (275)  (3!+6) 
to  the  subscripts  of  v  and  X  villi  yield  the  results  from  the 
previous  ones  for  the  series  of  successive  projections  start- 
ing with  the  projection  of  the  surface  <|>  from  the  point  0'. 


CHAPTER  V 


A  SURFACE  OBTAINED  FROM  All  INVOLUTION  OF  PERIOD  THIRTEEN 

We  shall  consider  again  the  Involution  1^  of  period 
thirteen  from  the  preceding  chapter.    In  this  chapter  H,  T,  <|>t 
and  equations  (1)  through  (13)  will  refer  to  the  homography 
H,  the  transformation  T,  the  surface  <J),  and  the  equations  (1) 
through  (13)  respectively  of  Chapter  IV.    Designations  other 
than  these  will  pertain  only  to  this  chapter. 

Let  us  now  consider  the  non-invariant  plane  curve  of 
the  thirteenth  order 

°1    "    Zcljk^x2x3    =  °» 

where 

i  +  J  +  k  =  13. 

Applying  H  twelve  times  in  succession  to  the  above  equation 
we  obtain  the  twelve  equations  given  by 

6     =    EE^"1^  +  w(n)«k       t1*^  -  n 

where 

1  +  J  +  k  =  13; 

n  =  2,3,  ...  ,  13? 

and  w(n)  is  the  remainder  when  ^(n  -  1)  is  divided  by  13. 

The  curve 
(It)  •|Q8...«I3-0 

corresponds  to  a  curve  C  on  (J)  where  C  is  in  birational 
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correspondence  with  each  of  the  curves  ©m  =  0  (m=»l,2,  ...,13) . 
That  is,  to  a  point  of  C  correspond  thirteen  points  of  the 
plane  with  one  of  these  thirteen  points  on  eaoh  of  the  thir- 
teen curves  considered. 

The  curve  (1^)  meets  a  curve  of  linear  system  (1)  in 
one  hundred  and  sixty-nine  croups  of  1^.    This  implies  that 
the  hyperplane  related  to  this  curve  of  system  (1)  by  T  inter- 
sects curve  C  in  one  hundred  and  sixty-nine  points.  Hence, 
C  is  of  order  one  hundred  and  sixty-nine.    Later  we  shall 
show  that  the  curve  C  is  cut  out  on  (J)  by  a  hypersurface  of 
order  thirteen  and  that  the  coefficients  of  the  equation  of 
this  hypersurface  are  functions  of  the  coefficients  of  the 
equation  of  the  plane  ourve  considered. 

There  exist  on  ©1  =  0  one  thousand  and  fourteen 
couples  of  points  to  which  correspond  one  thousand  and  four- 
teen points  on  C.    We  conolude  from  this  faot  that  the  curve 
C  possesses  one  thousand  and  fourteen  double  points  which  are 
simple  points  on  4>.    The  oouples  of  points  which  are  under 
consideration  here  constitute  the  two  thousand  and  twenty- 
eight  points  of  intersection  of  ©x  =  0  with  em=0(m=2,3, . . . ,13) . 

Let  us  vary  ©1  =  0  In  a  continuous  manner  in  its 
plane  until  its  equation  becomes  equation  (1),    The  corres- 
ponding curve  C  varies  on  <J)  and  reduces  to  the  section  of  $ 
by  the  hyperplane 

vlxl  +  V2X2  +  V3X3  +  vlj.%  ♦  V5X5  +  v5Xg  +  V?X7  +  vgXg  + 


-  51  - 


.counted  thirteen  times.    This  implies  that  the  section  of  $ 
is  made  by  the  reducible  hypersurface  of  the  thirteenth  order 


(vl*i  +  v2*2  +  V3X3  +  vhxk  +  V5X5  +  V6X6  +  V7X7  +  vg*g  + 


Henoe,  we  reach  the  conclusion  that  the  curves  C  are  cut  out 
on  <J)  by  hyper  surf  aces  of  the  thirteenth  order. 

Suppose  we  now  vary  O^^  =  0  in  its  plane  as  before 
until  its  equation  becomes  equation  (2).    Equation  ilk)  re- 
duces to 


The  corresponding  curve  C  reduces  to  a  curve  A  counted  thir- 
teen times.    The  hypersurface  of  order  thirteen  cutting  out 
■    curve  A  on  (J)  will  therefore  osculate  $  with  thirteen-polnt 
contact  in  each  point  of  Intersection,  except  at  certain 
singular  points  which  will  be  discussed  later.    By  simplify- 
ing equation  (15)  and  applying  T  we  obtain  the  following 
equation  for  this  hypersurface  of  order  thirteent 


▼9V      =  °* 


(15) 


this  equation  the  expression  ti^^l^^X^^Xj^M 
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contains  no  term  with  an  exponent  of  X^  equal  to  or  cheater 
than  twelve,  no  term  with  an  exponent  of  Xg  equal  to  or  great- 
er than  ten,  and  no  term  with  an  exponent  of  X^  equal  to  or 
greater  than  ten.    Also  the  constants  in  this  expression  will 
be  functions  of       (m=l,2, ♦ . . ,g) . 

Using  T  we  see  that  01  is  imaged  by  0^(1,0,0,0,0,0,0,0,0), 
02  by  0^(0,0,0,0,0,0,0,1,0),  and  0^  by  0^(0,0,0,0,0,0,0,0,1). 
Both  the  surface  <J)  and  the  hypersurface    ^  =  0  pass  through 
0£,  0^,  and  0^.    In  the  domain  of  0^  we  see  that     ^    =  0 

touches  simply  the  nappe  of  <t>,  in  the  domain  of  0*,  triply 

S 

the  nappe  of  <{),  and  in  the  domain  of  0^  simply  the  nappe  of 

(J).    We  conclude  this  from  the  fact  that  the  image  ourves  of 

linear  system  (2)  are  cut  out  on  0  by        =  0.    It  oan  be 

shown  that  these  image  curves  pass  simply  through  0f,  triply 

1  1 

through  0'    and  simply  through  0'. 

6  9 

Consider  the  surface  P  of  order  one  hundred  and 
sixty-nine  in       whose  equations  are 


(F) 


TL3^      'V^      ^3  X5      X6  X7 


4 


4 


X, 


*7 


-  o, 


^o  "  ^  (xi'x2'x3'x^»x5'x6'x7'xg'x9) 


Between  $  and  F  vxe  have  a  (1,13)  correspondence. 
Now,  we  search  for  the  branch  points  of  <|)  for  this  corres- 
pondence.    That  is,  we  are  searching  for  the  points  of  $  to 

^■See  Appendix  III. 
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will  oh  correspond  thirteen  coincident  points  of  F,    The  first 
condition  that  these  points  raust  satisfy  is  X^  =  0.  For 
these  points  this  implies  that    ^  (-V^.X^X^X^X^X^Xg, 
X^)  =0.    But  we  have  seen  that  this  hyporsurface  osculates 
<|>  with  thirteen-point  contact  in  each  point  of  meeting  except 
in  the  domain  of  C|,  0£,  and  0^,  where  it  touches  one  of  the 
nappes  of  <{).    There  vrt.ll  be  branch  points  only  at  these  points 
where  the  contact  of  11/  =  0  with  $  is  less  than  thirteen- 
point  contact.    Hence,  if  we  count  0^  as  a  branch  point  three 
times,  there  will  be  five  branch  points  for  tills  correspondence. 
Consequently,  the  surface  F  is  irreducible. 

We  shall  demonstrate  that  the  surface  F  is  rational. 
Take  the  transformation 

no    A-  =     xa    =   h    =    %    _  *g 

^     *?v|  ?$f  "  ^ = 

where 

gU^x^x-j)    =    ulX];2x2  +  UgX^xf^  +  u^x!^  +  u^x^x^  + 

This  transformation  orders  to  each  point  of  the  plane  a  unique 
point  of  F.    We  shall  now  develop  an  inverse  for  T»,  whioh 


villi  order  to  each  point  of  Fa  unique  point  of  the  plane. 

The  first  of  the  following  equations  is  obtained 
from  T'.    The  remaining  seven  are  obtained  by  multiplying 
both  members  of  the  first  by  x^x^x^  and  applying  T  seven 
times  in  succession: 
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u^xf^xfxg^xlxl  *  UgX^X^xfxfx^0 
u^X^X^XgXj^^xS  ♦  UgX^X^X^fzf^  ♦ 

VlVf^^vH  +  u^xIxSx^xfxS^ 
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o 


u5xix2x5x6x7^xix2°x3 +  ^A44X^%^A^ + 

^>x2x5x^x7xlo  • 

After  dividing  both  members  of  eaoh  of  the  latter  six  equa- 
tions by  common  factors,  the  use  of  Crruner's  rule  yields 


x12x  = 
xl  x2 

<?X10A1 
A 

44$  - 

A 

A 

xlfxJx^  . 

B 

4 

A 

9  xioA7 

A 
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2*3  ~A  

where  A  and  Am(m=l,2, . . . ,g)  are  determinants  which  are  func- 
tions of  ujvl,?.  and  ^^11=1,2,5,6,7^,9).    Also,  we 
have  from  T»  that 

i£s|3c|  =  <^  Xj , 
x^x|x|  =    ^  X^, 

Usinc  the  first  equation  in  each  of  the  previous  croups  we 
have 

*2       '  X10A1 
Now,  usinc  the  last  equation  in  each  we  liave 


Finally,  using  the  fifth  equation  in  each  vie  obtain 


Hence 


Gild 


Prom  these  results  vre  obtain 

X^A         X^X10^^  X1f0A1A5A§ 

Therefore,  between  the  surfaoe  P  and  the  plane  there 
exists  a  birational  correspondence.    Thus  F  is  rational. 
The  transformation 

X£  <  Xg  |  ...  i  X£     «  Ho  =  *1  *  X2  1  •":  *9  !  EX10' 
which  generates  on  F  the  involution  that  has  0  for  its  image, 
corresponds  to  the  involution  in  the  plane  generated  by  the 
homography  H. 

If  the  linear  system  (3),  (4),  (12),  or  (13)  is 
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used  instead  of  the  linear  system  (2),  one  will  get  results 
which  will  be  similar  to  those  obtained  in  this  chapter. 
However,  the  involution  on  the  related  rational  surface  F 
whioh  has  (J)  for  its  image  will  correspond  to  an  involution 
in  the  plane  generated  by  a  homography  different  from  H. 
For  the  linear  systems  (3),  (k) ,  (12),  and  (13)  this 

homography  will  be  respectively 

x{  t  x£  t  xj  *  ^  x  E?x2  {  E2x^, 

x£  t  *•  S  Xj  =  x1  :  e9x2  :  E10x^, 

x •  :  x J  ,  xj  =  xi  ,  e10x2  ,  Ex3, 

x{  1  x •  ,  x^  =  xi  ,  E^x2  ,  E6^, 

x£  x  x£  t  xj  =  X;L  :  Ei:lx2  1  E^Xj , 

xj  :  x^  x  xj  =  x1  :  E2x2  x  Egx^, 

X-[    1   X£    1  X j     *     X]^   l  E^Xg    1  E7Xj, 

x£  1  x£  x  x j  ■  x1  t  E?x2  »  E12Xj, 

xj  :  x|  «  xj  -  ^  x  E4x2  ,  e3x3, 

xj  1  x»  1  x«  =  xx  t  E6x2  :  Ei:Lx3, 

x£  x  x£  x  xj  m  Xl  x  E12x2  1  E9x,. 


-  6o  - 


The  Involutions  generated  by  these  eleven  honographies  are 
different  from  the  one  generated  by  H,  although  all  twelve 
involutions  have  the  same  groups. 


CHARTER  VI 


CONCLUSION 

We  have  considered  the  involution  Ip  of  period  p  in 
Chapter  I,  where  p  is  a  prime  number  greater  than  two.  A 
plane  cyclic  homography  whioh  generates  I    was  exhibited* 
Using  this  homography  we  were  able  to  determine  the  coordi- 
nates of  the  p  points  which  define  a  grouo  of  I    and  the 

P 

equations  of  the  p  linear  systems  of  invariant  plane  curves 
of  order  p.    Then  using  tho  equation  of  the  invariant  system 
whioh  has  no  base  points,  we  determined  the  transformation 
which  relates  the  curves  of  this  system  to  the  hyperplanes  of 
a  space  Sr,  where  (r  +  1)  is  the  number  of  terms  in  this  in- 
variant system.    Finally,  we  determined  the  equations  of 
(r  -  2)  hypersurfaces  which  contain  the  image  surface  of  I 

P 

and  proved  that  this  surface  was  of  order  p.    The  results  of 
this  chapter  are  well  known.1    However,  the  form  of  the  equa- 
tions representing  the  p  invariant  linear  systems,  the  equa- 
tions representing  the  transformation  relating  one  of  these 
systems  to  the  hyperplanes  of  Sp,  and  the  equations  repre- 
senting the  (r  -  2)  hypersurfaces  is  original  so  far  as  the 
writer  lias  been  able  to  determine.    It  might  be  added  that 
the  results  of  the  remaining  chapters  are  also  original  so 

rflnn^^0?^00?8^  "S?r  }eS  tomoGKtphieB  planes  cycllques 
^0^(193^,^^21^       afl*aBft>g  *  36  Serle' 
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far  as  the  author  oan  determine. 

A  rational  surface  F  is  determined  in  each  of  the 
Chapters  II,  III,  and  V  ffhioh  is  obtained  from  an  involution 
of  period  three,  five,  and  thirteen  respectively.    In  each 
case  this  surface  lias  equations  made  up  of  the  equations  of 
the  image  surface  of  the  involution  involved  and  an  additional 
equation  obtained  from  the  equation  of  the  hypersurfaces 
which  are  related  protectively  to  one  of  the  invariant  plane 
linear  systems  whose  curvos  pass  through  the  vertices  of  the 
triangle  of  reference.    Also,  the  order  of  F  equals  the 
square  of  the  period  of  the  involution  involved.    This  surface 
is  in  a  space  which  lias  one  more  dimension  than  the  space  con- 
taining the  image  surface  in  each  of  the  three  cases.  In 
each  case  one  of  the  invariant  plane  linear  systems  vrhich 
passes  through  the  vertices  of  the  triangle  of  refereiice  re- 
sults in  a  rational  surfaoe  on  whioh  the  transformation  gene- 
rating the  involution  having  the  same  image  surfaoe  as  the 
involution  generated  by  the  plane  cyclic  horaography  corresponds 
to  this  homography.    For  the  other  invariant  linear  systems 
of  this  type  the  similar  transformation  on  the  related  rational 
surfaoe  corresponds  to  a  plane  cyclic  homography  which  is 
different  from  the  one  vrhich  generates  the  original  involu- 
tion in  the  plane.    Of  special  interest,  however,  is  the  fact 
that  in  each  of  the  three  cases  all  involutions  generated  by 
those  plane  cyclic  homographles  have  the  same  groups. 
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The  main  objective  in  Chapter  IV  is  to  extend  the  re- 
2 

suits  of  another  paper  to  an  involution  of  period  thirteen. 
In  this  chapter  a  series  of  five  projections  is  performed  on 
the  image  surface  of  the  involution.  Each  projection  is  made 
from  a  point  on  the  surface  which  is  "being  projected.  It  is 
Interesting  to  note  that  the  order  of  the  surface  being  pro- 
jected less  the  multiplicity  of  the  point  of  projection  for 
tills  surface  equals  the  order  of  the  resulting  surface  which 
is  obtained  for  each  projection. 

Finally,  it  would  be  desirable  to  extend  the  results 
of  Chapter  V  to  the  case  of  the  involution  I    of  period  p 
where  p  is  any  prime  number  greater  than  two.    At  the  present 
time  the  writer  sees  three  major  obstacles  to  be  overcome  be- 
fore this  objeotive  can  be  attained.    First,  It  would  be  de- 
sirable to  be  able  to  determine  the  equations  of  the  surface 
F  for  this  involution.    This  would  depend  upon  two  things. 
One  vrould  be  the  determination  of  (r  -  2)  independent  equa- 
tions whioh  vrould  represent  the  image  surface  of  I    and  no 

P 

other  surface.    The  other  would  be  the  determination  of  the 
equation  of  the  hypersurfaces  of  order  p  which  correspond  to 
the  particular  invariant  linear  system  with  base  points  being 
used.    Second,  we  would  like  to  know  whether  the  surface  F  is 

2 

Luolen  Oodeaux,  "Recherches  sur  les  involutions 
cycliques  appartenant  a  une  surface  algebrique, "  Bulletin 
do  l'AcaAemle  Royale  de  Belrlque  (Classe  des  Sciences) , 
5^  Serie,  Tome  XVTI  (193D  ,  PP.  1356-1361*. 
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irreducible  or  not.    This  would  lend  to  an  investigation  of 
the  order  of  contact  of  tho  above  hypersurfaces  of  order  p 
with  the  image  surface  of  the  involution.    The  greatest  diffi- 
culty might  be  determining  this  order  of  contact  at  the 
branch  points  which  correspond  to  the  points  of  coincidence 

of  I  .    Third,  ire  would  like  to  laiow  whether  the  surfaoe  F 
P 

is  rational  or  not.    To  show  that  it  is  by  the  method  used 
in  Chapter  V  would  involve  using  the  equation  of  the  invar- 
iant linear  system  mentioned  previously  along  with  the  trans- 
formation relating  projeotlvely  the  ourves  of  the  invariant 
linear  system  which  has  no  base  points  to  the  hyporplanes  of 
a  space  Sr  to  find  a  solution  for  the  ratios  x^/xg  and 


in  terms  of  the  X's  and  known  constants.    The  author  has 
given  some  thought  to  these  three  obstacles  and  feels  that 
it  is  not  impossible  to  overcome  them. 


APPENDIXES 


(H) 


APPENDIX  I.    THE  IMAGE  SURFACE  OP  AN  I_. 

5 

Consider  the  homography 

x£  :  x£  ;  x£    =   ^  :  Ex2  ;  e2x^» 


where  E  is  a  primitive  fifth  root  of  unity.    The  curve 


3 


2      2  1  ^  5 

vlxl  +  V2X1X2X3  +  V3X1X2X3  +  vkx2  +  V5X3  =  0 


is  invariant  under  H  and  has  no  base  points.  Me  relate  pro- 
jectively  these  curves  to  the  hyperplanes  of  S^  by  talcing 

(T) 


4 


2      2  3 
X1X2X3  X1X2X3 


Eliminating  2^(01=1,2,3)  in  T  we  get  the  surface 


x3  x^ 


=  0, 


Surface  (J)  is  the  image  of  the  involution  I,,  of  period  five 
generated  by  H. 

Now  consider  the  two  hypersurfaces 


x5  = 
*2 


-  x1xjx5. 


These  equations  determine  a  surface  in  S^.  By  actual  sub- 
stitution we  see  that  this  surface  contains  the  surface  <{). 
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Alao,  it  contains  the  surface  given  by  the  equations 


=  0. 


X^XfJ  EXr)  X-j 

But,  this  surface  and  <{)  are  not  the  sane. 

It  can  be  shown  tliat  the  surface  determined  by  the 
two  hypersurfaces  of  the  fifth  order  contains  still  another 
surface  distinct  from  (J)  and  the  one  exhibited  above.  We 
conclude  from  this  that  the  two  hypersurfaces  contain  a 
surface,  other  than  0,  which  is  reducible. 


APPENDIX  II.     THE  IMAGE  CURVES  OF  A  LINEAR  SYSTEM  INVARIANT 
UNDER  A  HOMOGRAPHY  OP  PERIOD  THREE 

The  homography 

p 

(H)  x±  :  x2  :  xj   =   x1  i  Ex2  :  E  x^, 

where  E  is  a  primitive  cube  root  of  unity,  generates  an.  in- 
volution I-j  of  period  three.    The  two  linear  systems  of 
plane  curves 

v^  +  v2x1x2x3  +  vycjj  +  v^  =  0 


and 


2  2  2 

ulxlx3  +  U2X1X2  +  U3X2X3  =  0 


are  invariant  under  H.    We  shall  designate  the  former  system 
by  |C|  and  the  latter  by  ICjJ.    A  curve  of  |C|  will  be  desig- 
nated by  C  and  a  similar  notation  will  hold  for  the  system 
IC-jJ.    The  curves  C  have  no  base  points,  but  the  curves 
have  for  base  points  0^1,0,0),  02(0,1,0),  and  0^(0,0,1). 
Wo  relate  projectlvely  the  curves  C  to  the  planes  of  a  space 
S-j  of  three  dimensions  by  talcing 

(T)  \    =         *2       =     *j      ,  H 

xlX2x3         *f         *3  ' 

Eliminating  x^n^l^^)  in  T  we  obtain  the  surface 

This  surface  is  the  image  of  1^  and  is  of  order  three.  Also, 
we  note  that  the  curves       pass  simply  through  0lt  02,  and  0^. 
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Each  curve  C^  is  tangent  to  the  line  x^  =  0  at  0^,  to  the 
line  3^  =  0  at  0^,  and  to  the  line  x2  =  0  c.t  0^. 

It  will  be  our  aim  here  to  study  the  behavior  of  the 
image  curves  in  S-^  of  the  curves  C^.    These  image  ourves  form 
a  system  of  ourves  which  we  shall  designate  by  |A| .    Any  one 
of  the  curves  of  |a|  will  be  designated  by  A.    The  ourves  A 
lie  on  (j).    We  are  especially  interested  in  the  behavior  of 
the  curves  A  in  the  domain  of  the  points  0^(1,0,0,0), 
0j(0, 0,1,0),  and  0^(0,0,0,1),  which  are  the  image  points  of 
0^,  02,  and  0^  respectively.    In  arriving  at  our  desired  aim 
we  shall  employ  the  methods  used  by  other  authors. ^ 

The  quadratic  transformation 

xx  :  x2  ;         =    y|[  ;  y]_y2  :  y^ 

makes  the  point  y2  =  y-^  =  0    correspond  to  the  point  012 
which  lies  on  the  line  x^  =  0  infinitely  near  01#    If  we 
apply  tills  transformation  to  the  equation  of  the  curves  C 
whioh  pass  through  0^  ire  obtain 

(v2y^  +  v3y2)y^  +  v^y2y|    =  0. 

Hence,  the  curves  C  whioh  pass  through  0^  also  pass  simply 

1             ~~    ~~  — 
J.  Dessart,  "Sur  les  surfaces  representant  1' invo- 
lution engendree  par  une  homographle  de  periode  cinq  du  plan," 
Heraolreg  &  1ft  Socletc  Ho. vale  £os  Sciences  do.  ller.o .  3e  Serie, 
Tone  XVI  TT93D  ,  pp.  1-23,  and       Ou^erSoTSS  S .  T. 
Gormsen,  "tops  of  Certain  Algebraic  Curves  Invariant  under 
Cyclic  Involutions  of  Periods  Three,  Five,  and  Seven  "  Cana- 
fllfitt  jlfiaaaaJi  of  Mathematics.  Vol.  VI  (1954),  pp.  92-965.  
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through  012.    Prom  T  vre  see  that 


X2_     =     J^L-     =  Xl+ 


7l73  *l*2 

By  placing  y,  =  ky_  and  letting  yn  tend  to  zero  vre  obtain  the 

}  d  d 

parametric  equations 

This  is  one  of  the  tangent  planes  to  surface  §  at  OJ,  How, 
applying  this  quadratic  transformation  to  the  equation  of 
curves       vre  obtain 

*uiy3  +  u2y2)yi +  ^yfyf  =  °« 

Again,  placing  y-^  =  ky2  and  letting  y2  tend  to  zero  vre  have 
u^k  +  u2  =  0. 

Solving  this  equation  for  k  and  substituting  in  the  previous 
equation  we  get 

U]_X2  +  u2X-j  =  0,    Xj|  =  0. 

This  is  the  tangent  element  to  a  curve  A  at  0£.    Since  this 
tangent  element  is  a  line,  vre  see  that  the  curves  A  pass 
simply  through  0^. 

V/e  could  determine  the  tangent  elements  to  the  curves 
A  at  Oj  and  0^  in  a  similar  manner  using  other  quadratic 
transformations.    But  these  results  can  be  more  easily  ob- 
tained by  noting  that  the  equations  of  the  curves  C  and  C, 
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remain  unchanged  in  applying  the  permutation  p1  m  (123)  to 
the  subscripts  of  the  x's  and  u's  and  the  permutation  P]L  = 
(13^)  to  the  subscripts  of  the  v's.    Hence,  applying  p-j^  to 
the  subacrlpts  of  u  and  P    to  the  subscripts  of  X  we  see  that 
the  tangent  element  to  a  curve  A  at  Oj  is 

U2X2  +  U3X1|-  =  0,  ^  =  0. 
Therefore,  the  curves  A  pass  simply  through  Oj, 

Using  the  permutations  p2  =  (132)  and  P2  =  (1^3)  in 
a  similar  manner  we  obtain  the  tangent  element 

u^Xg  +  u-j^X-l  =  0,  Xj  ■  0 

to  a  curve  A  at  0^.    Hence,  the  curves  A  also  pass  simply 
9 

tlirough  o^. 


.  ff  tnls  appendix  we  have  extended  some  of  the  results 
lound  in  Luclen  Qodeaux,  Cours  de  Geometrie  Buperieure  Fasci- 
cule II  (Liege:    Solences^tLettreTriMr,  pp.  21-2?! 


APPENDIX  in.    THE  IMAGE  CURVES  OP  A  LINEAR  SYSTEM  INVARIANT 
UNDER  A  HOLOGRAPHY  OP  PERIOD  THIRTEEN 

The  horaography 
(H)  x£  :  x£  ;  xj    =    x±  :  Exg  :  E*x-, 

where  E  is  a  primitive  thirteenth  root  of  unity,  generates 
an  involution  I      of  period  thirteen.    The  two  linear  systems 
of  plane  curves 

vlxl3  +  ^2X1X2X3  +  v3xix2x3  +  vkxl4x3  +  V5^.4X3  + 

265  39         13  13 

v6xlx2x3  +  v7xix2x3  +  V£5X2   +  V9X3    "  0 

and 

+  *A44 +  ^444 +  u*A44 +  u5xix3° + 

2  10  7  q  ll  q 

u6xix2  x3  +  u7xix2x3  +  ug::2x3  =  0 

are  invariant  under  H.    The  former  system  will  be  designated 
by  |C|  and  the  latter  by  IcJ.    A  curve  of  |C|  and  loj  will 
be  designated  by  C  and       respectively.    The  curves  C  have  no 
base  points,  but  the  curves       have  for  base  points  0^1,0,0), 
02(0,1,0),  and  0^(0,0,1).    Also,  we  note  that  the  curves  C 
pass  simply  through  0^  triply  through  Og,  and  triply  through 
Oj.    Each  curve       is  tangent  to  the  line  Xg  =  0  at  0lf  to 
the  lines  ^  =  0  and       =  0  at  Og,  and  to  the  line  ^  =  0  at 
O3. 

We  relate  protectively  the  curves  C  to  the  hypcrplanes 
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of  S»  by  taking 


(T) 


4; 


x^x| 


3  9 


x. 


=c|3 


Eliminating  ^(01=1,2,3)  in  T  vie  obtain  a  surface  §  given  by 
the  equations 


xlx6 


1      *3  X5 


x 


6  xg 


X3X7 

x2 
x6 


x^ 
*7 


=  0, 


This  surface  is  the  image  of  1^  and  is  of  order  thirteen. 

The  curves       are  imaged  in  Sg  by  curves  vrhich  lie 
on  <{).    We  shall  designate  this  system  of  image  curves  by  |Al 
and  any  one  of  them  by  A,    Of  special  interest  is  the  be- 
havior of  the  curves  A  in  the  domain  of  the  points  0^(1,0,0, 
0,0,0,0,0,0),  0^(0,0,0,0,0,0,0,1,0),  and  0^(0,0,0,0,0,0,0,0,1) 
We  shall  employ  the  methods  described  in  Appendix  II  for  this 
investigation. 

The  quadratic  transformation 


X-z  = 


71  :  y2y3  :  7^ 


makes  the  point  y2  =  y^  =  0  correspond  to  the  point  0^ 
vrhich  lies  on  the  line       =  0  Infinitely  near  0^.    If  vre 
apply  this  transformation  nine  times  in  succession  to  the 


-  73  - 

equation  of  the  curves  C-^,  vie  obtain 

Hence,  the  curves       pass  simply  through  0^t  0^,  and 
°1333333333  '    P1"clnC       =  lcy2  in  this  equation,  we  get 

Now,  letting  y2  tend  to  zero  we  have 

"l  +  v  "  °- 

Solving  for  k  wo  get 

k  -  -JSl 

If  we  now  apply  the  previous  quadratic  transformation 
to  the  equation  of  the  curves  C  which  pass  through  01,  we  ob- 
tain 

▼271^2 +  ^i1^  +  vwi6?hi +  Y5*144  +  ^1^3 + 
v7yilyiyl  +  vgy23y3  +  v9yi3y3  =  o. 

Applying  the  same  transformation  to  this  equation  eight  times 
in  succession  yields 


-  - 

Hence,  the  curves  C  whioh  pass  through  0^  have  a  4— tuple  point 

0^  and  nine  simple  points  0^,  °133»  ••••  ^1333333333' 
From  T  and  the  above  equation  we  have 

Ji  J2J3  •'i  ^  3        ^  y3        7i  73 

Placing  y^  =  ky^  this  reduces  to 

X7        -       xg       _  ^ 

,  24  $1  2b     ,  105  ii7     -Tv7  * 
k    yj  y2       Ir^y^'  kyj1' 

Now,  letting  y2  tend  to  zero  we  get  the  parametric  equations 

-i-  =  X3  =  x^  =  x^  -  x6  -  x7  =  Xg  =  o. 

These  are  the  equations  of  a  plane  whioh  is  tangent  to  the 
surface  (J)  at  0£  sinoe  this  point  is  the  image  of  0^. 

We  obtain  the  tangent  element  to  the  curves  A  at  0f 

•1m 

by  substituting  the  value  of  k  which  we  have  previously 
found  in  the  equations  of  this  tangent  plane.    This  results 


-  75  - 

in  the  equations 

i^Xg  +  115X9  =0,    X3  =       =  X^  =  Xg  =  Xy  =  Xg  =  0. 

Since  this  tangent  element  is  a  line,  we  conclude  that  the 
curves  A  pass  simply  through  0*. 

We  shall  now  utilize  the  two  quadratic  transformations . 
x1  i  x2  :  x3    =    yiy3  :  j\  :  y^, 

X1  :  x2  :  x3    =    yxy2  ;  y|  ;  f%jy 

The  first  makes  the  point       =  y3  =  0  correspond  to  the  point 
°23  which  lies  on  the  line  x1  =  0  infinitely  near  0  .  The 
latter  makes  this  point  correspond  to  021  whioh  lies  on  the 
line  x-j  =  0  infinitely  near  0g.    If  we  apply  the  first  trans- 
formation three  times  in  succession  to  the  equation  of  the 
curves  0^  and  the  latter  nine  times  in  succession  to  this 
equation,  we  obtain  respectively  the  equations 

(u6y2  +  u?yiy3  +  ugy2)y39  +  (u^y^-H  u^y*1  + 

V^Jyf6  +  u^jf  *  uxy^yf  =  0 

and 

S2  10  35  52  5  70  13  9 

u5yx  y3    +  uyy^  y^  +  Ugy{  y^y*  =  0. 

Hence,  the  curves       have  a  triple  point  02;  three  double 
points  023,  0233,  and  02333;  and  nine  simple  points  021,  0211, 
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and  °2iiiiiiin«    If  "©  place  yx  =  ky^  In  eaoh  of  these 
equations  and  then  let  y^  tend  to  zero,  we  obtain  respective- 


ly 


ugk    +  Uyk    +  ug  =  0 


and 

ulk   +  u6  =  0> 
If  we  apply  the  first  of  these  quadrat  io  trails  forma- 
tions three  times  in  succession  to  the  equation  of  the  curves 
C  whioh  pass  through  02  and  the  latter  nine  times  in  success- 
ion to  this  equation,  we  obtain  respectively  the  equations 

(v5y£  +  v6y^y3  +  v7yiy|  +  v^)^9  +  (^y^0  + 

\4^46  +  v2y?43yf+  *A3*?  =  ° 

and 

Hence,  the  curves  C  which  pass  through  02  have  a  ^tuple 
point  02;  three  triple  points  0^,  0^,  and  0       ;  and  nine 
simple  points  0^,  (>m,  ....  and  0W111111„,    Prom  T  and 
these  equations  we  obtain  respectively 

yl3y29  "  y9y13y20  =    _6  2L1O  =  J  56  II    =  = 
1    3       Jly2  y3         yly2  y3        3^2  y3  yiy2 
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x6        =       x7  =  *9 

and 

yi  y^17      y2W        „12v10^_2  1^7  65  6  117  = 

12         yl  y2  y3       n  y2    y3       yi  y2  y3  y2 

x6        _      *7  _  ^ 

yFyFy|     yfy^y?  "  • 

If  we  substitute  y1  =  Icy    in  each  of  these  relations  and 

then  let  y^  tend  to  zero,  we  have  respectively  the  parametric 
equations 


and 


k 


,       ^  =  ^  =  x^  =  x6  =  x?  =  x9  =  0 


Since  0^  is  the  image  of  02,  these  are  the  equations  of  a 
cubic  cone  and  a  plane  which  are  tangent  to  the  surface  (J)  at 


In  order  to  get  the  tangent  elements  to  the  curves  A 

at  0'    we  substitute  the  values  of  k  from 

o 


ugk2  +  u^c  +  ug  =  0 


m 


-  7S  - 


and  the  value  of  k  from 

ulk  +  u6  =  0 

In 

Hence,  the  tangent  elements  to  the  curves  A  at  0'  are  composed 

o 

of  three  lines  and  consequently  these  curves  have  a  triple 
point  at  this  point. 

Finally,  we  shall  utilize  the  two  quadratic  trans- 
formations 

xi  1  x2  1  x3  =  V3  •       :  yf- 

The  former  makes  the  point  ^  =  y2  =  o  correspond  to  the 
point  0^2  which  lies  on  the  line  ^  =  0  infinitely  near  Qy 
The- latter  makes  this  point  correspond  to  the  point  031  which 
lies  on  the  line  *2  =  0  infinitely  near  0       If  we  apply  the 
first  of  these  transformations  once  to  the  equation  of  the 
curves  C1$  we  obtain 
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Applying  the  second  of  these  transformations  two  times  in 
succession  to  the  above  equation  yields 

(Vl  +  UZ?2)73S  +  (u^yi°y2  +  u7yly2)y36  +  (u2yi°y2  + 

*  «6*M>^  +  ^1°  yl2°  - 

Hence,  the  curves       have  a  triple  point  0^  and  three  simple 

points        ,  °32i»  ^  °3211*    If  WS  place  y2  =  kyl  in  fchis 
equation  and  then  let  y^  tend  to  zero,  we  obtain 

Uj-  +  Ugk  =  0. 

By  utilizing  these  quadratic  transformations  we  find 
that  the  curves  C  which  pass  through  0^  do  not  pass  through 
the  point  °^2ll *    Therefore,  we  shall  investigate  the  curves 
C  which  pass  through  0^  with  distinct  tangent  lines       =  0 
and       =  0  at  this  point.    The  equation  of  these  curves  is 
obtained  from  the  equation  of  the  curves  C  by  taking  v^  = 

v    =  0.    If  we  now  apply  the  first  of  these  quadratic  trans- 

y 

formations  once  to  this  equation,  wo  obtain 


+ 


v6yiy2y36  +  =  °' 


Applying  now  the  second  quadratic  transformation  twice  in 
succession  yields 
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16  6  9  3  10  7  4-  11  2  20  5  5  12 

viyi  ^2 +  ^1^3  +  ^1*2*3  +  ^^1^3  +  ^iy^  + 

v6y2yf 1  +  vgylyH3  =  ° 

and 

Hence,  the  curves  C  which  pass  through  0^  with  distinct 
tangent  lines       =  0  and       =  0  at  this  point  have  a  7-tuple 
point  0,,  a  triple  point  0,,-,  and  two  simple  points  0,on  and 
°3211*    From  T         the  above  equation  we  have 

-^r  -       *z       -      *?       -      X*      -  \ 


X6     .  x3 


Substituting  y2  =  icy  in  these  relations  and  letting  y1  tend 
to  zero,  we  get  the  parametric  equations 

=       6  y_      y_  s  o. 


k 


If  the  surface  <()  is  projected  fron  0£  on  the  hyperplane 
X^  =  0,  the  projection  will  be  a  surface       whioh  lies  in 
the  space       =  0.    The  above  equations  represent  a  tangent 
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plane  to  the  surface  <t)*  at  OJ,  in  this  space.    The  projections 
of  the  curves  A  from  0£  uill  lie  on  (J)1.    Hence,  the  value  of 
k  obtained  previously  substituted  in  the  above  equations 
gives  the  tangent  element  at  0^  to  the  projections  of  the 
curves  A  which  lie  on  $)'.    This  tangent  consequently  has  in 
Sg  the  equations 

+  ugx6  =  0»   x1  =  x2  =  x3  =  x5  =  Xg  =  x9  =  o. 

Since  this  tangent  is  a  lino,  we  sec  that  the  point  Oj  is 
simple  for  the  projections  of  the  curves  A  from  0'. 

We  are  now  able  to  infer  from  these  results  that  the 
curves  A  pass  simply  through  0<*.    The  projections  of  these 
ourves  from  0*  are  cut  out  on  (J)1  by  the  quadratic 

TMs  equation  is  obtained  by  multiplying  both  members  of  the 

12 

equation  of  the  curves  C1  by  and  applying  T.    The  equa- 

tions of  the  curves  A  are 

*lx6     *2   x3   xk  *5   *fy  f(x1,...,x?) 

4  *?>  H  h  **  4    *?  -u5x7 

where 

f(X1,...,Xy)  =  u^  +  u^  +  UjX^  +  U4X4.  +  u^X^  + 

U7X6  +  ugx7- 


=  o, 
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The  line  which  passes  through  the  ooints  0'  and  0'  has  the 

7  9 

equation 

x1  =  x2  =  x3  =  x^  =  x5  =  x6  =  xg  =  o. 

Tliis  line  lies  in  the  above  quadratic  and  intersects  the 
curves  A  only  at  0^.    Hence,  the  neighborhood  of  0^  on  these 
curves  projects  into  (X*.    We  conclude  from  this  that  the 
point  0^  is  simple  for  the  curves  A  and  that  the  tangent  line 
to  these  curves  at  this  point  is  the  line  vihioh  passes  through 

and  0^.    Further  investigation  will  show  that  the  point  0£ 
is  a  *J~ tuple  point  for  the  surface  <()  with  the  tangent  oone 
decomposing  into  a  cubic  cone  and  a  plane.    It  can  also  be 
shown  that  the  tangent  line  to  the  curves  A  at  0^  lies  in 
both  this  cubic  oone  and  plane. 
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